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The effect of sinusoidal fluctuations superimposed on the average free-stream velocity
on mixed convection from a spherical particle is investigated. The parameters considered
are the Reynolds number Re, Grashof number Gr, and the relative amplitude of fluctua-
tions. The results indicate that due to the adverse pressure gradients created by the decel-
eration of the free-stream, separation may occur at a Reynolds number well below that at
which it occurs in uniform flow. The rising buoyancy currents, however, weaken and possi-
bly destroy the formation of vortices at the rear stagnation point. The average Nusselt
number is found to increase with the increase of the amplitude of the free stream fluctua-
tions and with the increase of Gr/Re2, as along as the flow does not reverse its direction.
The time and space averaged Nusselt number increases with Gr/Re2, with the effect of the
amplitude of the free-stream fluctuations becoming less pronounced at higher values of
Gr/Re2. � 2007 American Institute of Chemical Engineers AIChE J, 53: 1670–1677, 2007
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Introduction

The problem of heat transfer from a sphere has been the
subject of many investigations due to the related engineering
applications. Several experimental and theoretical studies can
be found which deal with either free, forced, or mixed (com-
bined free and forced) convection from a sphere placed in a
free-stream. The classical studies which investigate only free
convection are those by Potter and Riley,1 Geoola and Cor-
nish2 and,3 Riley,4 Brown and Simpson,5 Singh and Hasan,6

and Dudek et al.7 Representative work on forced convection
from a sphere placed in a steady uniform stream are the stud-
ies by Dennis and Walker8 for Reynolds number up to 200,
Whitaker,9 the highly accurate and detailed results by Dennis
et al.10 but for Reynolds number up to 20, and Sayegh and
Gauvin.11 The mixed convection problem was studied at

small Reynolds and Grashof numbers by Hieber and Geb-
hart.12 The problem was also solved using the boundary layer
approach by Acrivos.13 Wong and Chen14 used finite differ-
ences to solve the full steady Navier-Stokes and energy equa-
tions. Nguyen et al.15 extended the work of Wong and
Chen14 and solved the transient problem with internal ther-
mal resistance.

The structure of the flow field under an oscillating free
stream is important in understanding the heat convection pro-
cess. Several studies on oscillating flow which do not con-
sider any heat-transfer processes are available. The interested
reader is directed to the studies by Basset,16 Odar and Hamil-
ton,17 Mei,18 Lawrence and Mei,19 Sano,20 Lovalenti and
Brady,21 Mei et al.22 Riley,23 and Chang and Maxey.24 A
review of the literature can be found in Alassar and Badr25

who extended the work of Chang and Maxey24 to Reynolds
number of 200, and included a detailed analysis of the sepa-
ration angle and the wake length.

The studies on heat or mass transfer from a sphere in an
oscillating free-stream are, on the other hand, few. The two
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articles by Drummond and Lyman,26 and by Ha and Yavuz-
kurt27 deal with forced convection only. Drummond and

Lyman26 studied mass transfer from a sphere in an oscillat-

ing flow using a pseudo-spectral method, and concluded that

the mass-transfer rate decreases with the decrease of the

Strouhal number until the value of 2.0, below which the rate

is virtually independent of the Strouhal number. The conclu-

sion of Drummond and Lyman26 contradicted other experi-

mental and theoretical studies among which are the studies

on heat transfer from a sphere in an oscillating and fluctuat-

ing free-stream by Ha and Yavuzkurt.27,28 These studies,

however, deal with forced convection, and the effect of grav-

ity is never considered. Alassar et al.29 considered mixed

convection (both forced and free) from a sphere in a purely

oscillating vertical free-stream. As the free-stream considered

was purely oscillating (about a zero mean), the parameters

considered were Reynolds number, Grashof number, and

Strouhal number. The study revealed that the phase lag

between the free-stream oscillations and the momentum, and

thermal-boundary layers decreases with the decrease of

Strouhal number. The overall rate of heat transfer exhibits

a minimum at a certain critical value of Strouhal number

at which the double boundary layer structure disappears.

Due to mixed convection, the overall Nusselt number was

found to fluctuate at one half of the frequency detected in

the case of forced convection with a considerable devia-

tion in the local Nusselt number distribution. Contrary to

the case of steady uniform flow, a small increase of Gr/
Re2 may cause appreciable increase in the overall heat

transfer in oscillating flow.
The study of Alassar et al.29 considers a purely oscillating

free-stream; that is, the oscillations are about a zero-mean
velocity. This article investigates the effect of the free-stream
fluctuations about a nonzero mean on the heat transfer from
a sphere with buoyancy forces taken into consideration. This
study is motivated by the fact that local oscillations imposed
on a nonzero-mean flow are frequently encountered in
industries. For example, in the initial stage of the combus-
tion of pulverized coal or coal-water slurry droplets, there
exists a steady slip velocity Uo, before coal particles or
particle agglomerate become entrained in the main gas
flow. In order to consider the effect of this steady slip ve-
locity, an oscillating flow induced by the longitudinal
high-intensity acoustic field is superimposed on the mean-
steady flow.28 The importance of this research, therefore,
in addition to being interesting from an academic point of
view, is that it serves several applications. It makes it
possible to understand the heat and mass transfer to and
from fuel particles and droplets. The results are of use in
industries involving pulverized coal particles, coal-water
slurry fuel systems, and paint powder technology. Other
applications of this research include Brownian motion,
suspension rheometry, the passage of sound waves through
particulate systems, and extraction of oil from sand par-
ticles in depleted oil fields.

Formulation and Method of Solution

We consider a solid spherical particle of dia. 2a suspended
in an unbounded fluctuating incompressible stream. The par-

ticle is at a constant temperature Ts, which is hotter than the
free-stream whose temperature is maintained at T? as
sketched in Figure 1.

The equations governing the heat-transfer process, in
spherical coordinates, can be written in terms of the dimen-
sionless vorticity z, the dimensionless stream function c, and
the dimensionless temperature j as
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where t is time, Re ¼ 2aUo/n is the Reynolds number, Uo is
the mean free-stream velocity, Gr ¼ gs(Ts � T?)(2a)3/n2 is
the Grashof number, T is the temperature, Pe ¼ Re Pr is the
Peclet number, Pr ¼ n/a is the Prandtl number, a is the ther-
mal diffusivity, v is the coefficient of kinematic viscosity, g
is the gravitational acceleration, s is the coefficient of volu-
metric thermal expansion, and x ¼ ln(r/a) with r being the
dimensional radial distance. The variables c, z, j, and t*

(the star is dropped in Eqs. 1–3) in the governing equations

Figure 1. Physical system.
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are defined in terms of the usual dimensional quantities c0,
z0, T, and t as c ¼ c0/Uoa

2, z ¼ z0a/Uo, j ¼ (T � T?)/
(Ts � T?), and t* ¼ Uo t/a.

The fluctuations of the free-stream velocity are given in
the form U ¼ U0/Uo ¼ 1 þ b cos(St) where U0 is the dimen-
sional free-stream velocity, b is the amplitude of fluctuations
relative to the mean free-stream velocity, and S ¼ ao/Uo

is the Strouhal number with o being the frequency of
oscillations.

The method of solution is similar to that used by Alassar
et al.29 and need not be written in details. The method uses
a Legendre series truncation method to solve the governing
equations subject to the boundary conditions. The boundary
conditions to be satisfied are the no slip and impermeability
conditions on the surface of the sphere, and the free-stream
conditions away from it in addition to the thermal condi-
tions. The accuracy of the method of solution was verified
by Alassar et al.29 through comparisons with the forced and
mixed convection cases available in the literature, such as
Wong et al.14 Sayegh and Gauvin,11 Dennis and Walker,8

and others. The comparisons were satisfactory.

Results and Discussions

The effects of buoyancy forces and the free-stream fluctua-
tions on the flow and thermal fields are investigated for
Reynolds numbers Re ¼ 10, 20, 50, 100, and 200, and for
Gr/Re2 ¼ 0, 0.25, 0.5, 1, 2, and 3. The relative amplitudes
of fluctuations considered are b ¼ 0, 0.5, 1, and 2, while
Strouhal number is kept at p

4
, and Prandtl number at 0.71

(assuming an air flow). To facilitate comparisons during a
cycle, the length of each cycle is scaled to unity by defining
a dimensionless time t, which is related to the previously
defined dimensionless time t by

t ¼ St=2p (4)

The local and average Nusselt numbers (Nu, Nu are obtained
from

Nuðy; tÞ ¼ �2
qj
qx

� �
x¼0

(5)

NuðtÞ ¼
1

2

Z p

0

Nuðy; tÞ sin ydy (6)

Figure 2. Streamlines for the case Re ¼ 50, Gr ¼ 2,500, and b ¼ 1.

t ¼ (a) 0.0000, (b) 0.2500, (c) 0.3750, (d) 0.4900, (e) 0.5000, (f) 0.5200, (g) 0.5400, (h) 0.5600, (i) 0.5800, (j) 0.7500, and (k) 0.8750.
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Figure 3. Isotherms for the case Re ¼ 50, Gr ¼ 2,500, and b ¼ 1.

t ¼ (a) 0.0000, (b) 0.2500, (c) 0.3750, (d) 0.4900, (e) 0.5000, (f) 0.5200, (g) 0.5400, (h) 0.5600, (i) 0.5800, (j) 0.7500, (k) 0.8750. Iso-
therms plotted are 1, 0.9, 0.8, . . .

Figure 4. Variation of hs during one complete cycle for the case Re ¼ 10 (a) b ¼ 1, and (b) b ¼ 2.
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The time-averaged Nusselt number Nu is obtained by averag-
ing Nu(t) over a complete cycle and becomes constant when
quasi-steady states are reached. The quantity Nu is obtained

from

NuðtÞ ¼
Z tþ1=2

t�1=2

NuðxÞdx (7)

The fluid in the entire computational domain is assumed at
rest at time t ¼ 0 with a uniform temperature everywhere.
The fluid motion starts at t ¼ 0 and, at the same time, the
temperature of the surface of the sphere increases from T?
to Ts. The computational model is then used to predict the
time development of both flow and thermal fields until quasi-
steady states are reached. Quasi-steady states are detected
when no significant changes in the flow parameters over two
complete consecutive cycles are observed. It was found that
100 cycles were quite enough to ensure such conditions. In
all subsequent paragraphs, we show the results during the
last cycle (that is, cycle # 100) where quasi-steady states are
reached.

In general, for low-Reynolds number flows, no separation
(the separation point corresponds to where surface vorticity
vanishes) is observed. In fact, separation first appears at
Re ¼ 20 for the sphere case in a steady uniform free-stream.
In fluctuating flows, however, and due to the adverse pres-
sure gradients during the deceleration of the free-stream, a
vortex is formed at the rear stagnation point of the sphere,
which increases in size and migrates toward the front stagna-
tion point. The depth and the breadth of the separation region
are influenced by the flow velocity. The created adverse pres-

Figure 6. Variation of Nu, during one complete cycle
for the case Re ¼ 10, b ¼ 1 at different val-
ues of Gr

Re2
.

Figure 5. Variation of the local Nusselt number along
the surface of the sphere during one com-
plete cycle for the case Re ¼ 10, b ¼ 1, at
Gr ¼ (a) 0, (b) 100, and (c) 300.

(The times shown are: 1 : 0.000, 2 : 0.125, 3 : 0.250,
4 : 0.375, 5 : 0.500, 6 : 0.625, 7 : 0.750, 8 : 0.875,
9 : 1.000).
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sure gradient may enlarge the formed vortex until it eventu-
ally encapsulates the whole sphere. The recirculation region
withdraws back and starts to disintegrate as the free-stream
starts to accelerate again. The recirculation region disappears
completely until the free-stream attains enough strength to
generate another region close to the start of the new cycle.
The adverse pressure gradients which are held responsible
for the formation of vortices are significantly altered with the
introduction of the upward motion created by buoyancy
forces. Increasing buoyancy forces (higher Gr) makes the ris-
ing convective currents strong enough to weaken and possi-
bly destroy the vortex formation at the rear stagnation point.

We present the streamlines and isotherms for some selected
case of the study. Figure 2 shows snapshots of the streamlines
for the case Re ¼ 50, Gr ¼ 2,500 (Gr/Re2 ¼ 1), and b ¼ 1
during one complete cycle. At the start of the cycle, and due

to the relatively high-value of Re, a small vortex is already
present at the wake (Figure 2a). This region may not appear
for low Re values. As the free-stream decelerates, the vortex
increases in size and travels toward the front stagnation point.
As expected, the rising convective currents weaken the forma-
tion and shedding of the vortices at the rear stagnation point.
It can be seen in Figure 2 that the formed vortex does not
engulf the sphere at all. It only increases in size, but the
buoyancy currents tend to retard its movement toward the
front stagnation point. The corresponding isotherms are plot-
ted in Figure 3. The contours plotted for the dimensionless
temperature range from unity on the surface of the sphere to
zero in the bulk fluid in intervals of 0.1. One can observe that
the thermal plume, as a result of buoyancy currents, is thin
and lengthened in the stream-wise direction. It should be
noted that each case considered in this study produces pecu-
liarly fascinating streamlines and isotherms.

Figure 4 confirms the dependence of the separation angle
(ys) on Gr/Re2 and b. The figure shows the variation of the
separation angle during one complete cycle for the two cases
b ¼ 1 and b ¼ 2, when Re ¼ 10 at different values of Gr/
Re2. When b ¼ 1, no separation is observed beyond Gr/Re2

¼ 1. As mentioned earlier, the role of buoyancy forces is de-
structive to the formation of vortices when these forces work
against the free-stream motion.

Figure 5 shows the local Nusselt number variation along
the surface of the sphere for the case of Re ¼ 10, b ¼ 1,
and at the three Grashof numbers of 0 (forced convection),
100, and 300. One can observe the significant effect of buoy-
ancy forces on the wake region. Less variations of the local
Nusselt number are observed at the back stagnation point
when buoyancy forces are strong (Figure 5c). It is, therefore,
of interest to find out the effect of Gr on the overall (aver-
age) Nusselt number, Nu. Figure 6 shows the variation of Nu

during one complete cycle (the last cycle) for the case of Re
¼ 10, and b ¼ 1 at different values of Gr/Re2. The strength
of buoyancy forces relative to inertia and viscous forces is
measured through the quantity Gr

Re2, which appears in Eq. 2.

Figure 8. Variation of Nu, during one complete cycle for
the case Re ¼ 10, and Gr ¼ 0.

Figure 7. Variation of Nu, during one complete cycle for
the case Re ¼ 10, b ¼ 2 at different values of
Gr
Re2

.

Figure 9. Variation of Nu during one complete cycle for
the case Re ¼ 10, and Gr ¼ 300.
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Figure 6 shows that Nu increases with the increase of Gr
Re2 dur-

ing the whole cycle. This trend, however, is not completely
true for the same case with b ¼ 2. One can observe, Figure 7,
that at some time during the cycle (nearly the middle of the
cycle), Nu is higher at lower values of Gr

Re2. This is explained
by the fact that during the cycle with b ¼ 1, no reversal of
the flow direction takes place. The flow, instead, decelerates
to zero at mid-cycle. With b ¼ 2, the flow reverses direction
(during the period t ¼ 0.33–0.67) and buoyancy forces, dur-
ing this time, work against the flow and the transfer of heat.
Consequently, a reduction in the heat-transfer coefficient is
expected as the buoyancy forces increasingly retard the con-
vection caused by the flow.

Figure 8 shows the effect of the amplitude b on the aver-
age Nusselt number. As b increases, the heat transfer
increases during the time intervals, where the free-stream
attains its maximum velocity, and decreases elsewhere due to
the slow motion of the free-stream. Of course, one should
expect a small time lag between the flow and the thermal
fields. When b increases beyond the value of unity, a rever-
sal of the flow direction takes place, and another peak in the
middle of the cycle is possible (see the middle peak when
b ¼ 2 in Figure 8). This peak, however, may disappear with
the increase of buoyancy forces which, during this time,
retard the free-stream flow as can be seen in Figure 9.

By averaging Nu(t) over a complete cycle, one obtains the
time-averaged Nusselt number Nu, which becomes constant
when quasi-steady states are reached. Calculating Nu pro-
vides the overall effect of the free-stream fluctuations and
buoyancy forces during one complete cycle. Generally, Nu

increases with the increase of Gr
Re2 with the effect of b becom-

ing less pronounced at high-values of Gr
Re2. Equation 2 con-

tains both the factors Gr
Re2 and 1

Re
. It is, therefore, expected that

Nu is influenced by both of these factors and not only Gr
Re2.

The results of this study are summarized in Table 1. The
table shows the values of the space- and time-averaged Nus-
selt number Nu, for all the cases considered. The total num-
ber of cases is 78. All the values are calculated based on the
last cycle of the simulation (that is, cycle number 100) where
quasi-steady states are ensured.

Conclusion

The effects of buoyancy forces and free-stream fluctuations
on mixed convection from a spherical particle are investi-
gated in the range of Reynolds number of 10–200, Gr/Re2 of
0–3, and for the relative amplitudes of fluctuations in the
range 0–2. The study is based on the solution of the full
Navier-Stokes and energy equations for an axisymmetric
flow of a Boussinesq fluid.

The development of the flow and thermal fields are pre-
sented in the form of streamlines, isotherms, and local and
averaged Nusselt number distributions. Several important and
interesting results related to the flow and thermal fields are
found.

� It was shown that separation which does not normally
occur below Re ¼ 20.4, for the sphere case, is detected
well below this number due to the deceleration of the
free-stream, which creates adverse pressure gradients.
It was also found that increasing buoyancy forces
(higher Gr) makes the rising convective currents strong
enough to weaken, and possibly eliminate the forma-
tion of the vortices at the rear stagnation point.

� Nu increases with the increase of Gr
Re2

during the whole
cycle of motion for b < 1. It is possible, however, that
Nu becomes higher (at some time within a cycle) at
lower values of Gr

Re2
for b > 1, due to the fact that the

flow reverses direction and buoyancy forces, during
this time, work against the flow and the transfer of
heat.

� Nu increases with the increase of Gr
Re2

with the effect of
b becoming less pronounced at high-values of Gr

Re2.
� The heat-transfer rate is influenced by both Re and Gr

Re2.
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